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Abstract:

dimensionality reduction. LMMDA aims at learning a linear transformation which is an extension of Linear Discriminant Analysis

A new algorithm, Laplacian MinMax Discriminant Analysis (LMMDA) , is proposed in this paper for supervised

(LDA) . Specifically, we define the within-class scatter and the between-class scatter using similarities which are based on pairwise
distances in sample space. After the transformation, the considered pairwise samples within the same class are as close as possible,
while those between classes are as far as possible. The structural information of classes is contained in the within-class and the be-

tween-class Laplacian matrices. Thus the discriminant projection subspace can be derived by controlling the structural evolution of

Laplacian matrices. The performance on several data sets demonstrates the competence of the proposed algorithm.

Key words:

1 5|5

UTAER TR B~ T S5 U, IS N Bx
[k ( Dimensionality Reduction, BARYER R D) AT
RIGERAE BT 00 T s AN 0 AE R4 ey, R PERE
Y )5 R A AR B TR T2 N . Ty
i PCA(Principal Component Analysis)f/ﬁyﬂ*ﬁééiﬁiﬂgaﬁ
B RAERRAE TV AR G 1) s B OR B T R REA
G IN B -N F U SR T e LPP( Locality Preserving
Projections ) J& 73 — M JC M B 4 1 R 4 U vk, HURR AR TE
PR T2 A AR R RE A SR 1 R 3 S s # 2 R T, A 2
6, JC B 27 ) SR AR 7S 22 2RI 1 N 2R A5 R ARy
V75 T AR — 5 AN A1) A Wt o o) B A SR ORI
PR SR AIE 7 T A — 5 AL #4043 A LDA
(Linear Discriminant Analysis ) 42 N F 5 b |12 [ W&
o)k 2 —00 ) LDA 2 o 15 3 i ) ) 5 25 ) 4f

Wk H 1 - 2008-12-31; &[] H 18 : 2009-04-15

dimensionality reduction; supervised learning; discriminant analysis; Laplacian EigenMap

Bt A 1) 28 A RBCRE /)M T ] g 248 ) R e R AL . 2
A WFFE R H TAR I T2 5T DA Bk 8- 100

SCHRL3 146 L FEAE RS A b LDA SR IF A — s
JEIE Y. 32 LDA . 7 % 47 3 47 4E B 5 LE ( Laplacian
EigenMap) 55 15 418 16 45 5% s £ 3 2110~ 130 AR SOt —
Tl T 1) A M P AR A B 1 T 3 B0 Ay e R e s
B IRAR T LMMDA(Laplacian MinMax Discriminant Analy-
sis) , AT 4R ORI 56 19 40 51 R AE . LMMIDA 5335 B O 563
8] Y d 3 A8 DX (A [+) A AR L B e 1) ) IR A
F18) i e RIS X (X3 T SR 4R [ R AE A B 8 et 1)
R BT LE A LPP 8 3E , LMMDA R FH 28 9 F7 3B 30
ORI T A )75 7 8 R ¥4 DA 221 01 25 PN P8 0 28 ) S
TEASCHT R A I HESE T, LDA A 7 fif LMMDA %
PR —FP RG] WAL S8 LDA 53k AH e, LMMDA 7E —
FEFERE b el 1R WA 8] 1] 85 B AT e U A A sl 5
=3 (Al fE

HEWH  E R A RFHEE A (No.60805001) ; F K 863 i ARBF 4 & B 11K (No.2007AA017164 ) s WivT4 A SR FlF-%4: (No. Y1090579)



o4 M

TR Te - BB e A dme/ N o M B 861

2 SMEFIRIS

AN

S X =y, x5, € 720" FoR IR FEAR KR
LHE, B8 a1/, € TP RFE—MHEAR, It n A
FEAS R AERE AR 125 th IS IR AR AS B B 2 2 B — D2k
PERGIERE WE 2" (d< D), 15 {x 1 22 W BSHG
Iy s € 20 TR
W.x, €20 y, = Wiy, € 2 (1)
RBAEA LI X TP ¢ K91 Hak 6451,
A
X=[x},"',xl,,l,"',x‘i,"',x;] (2)
RS LDA 55, 5 S N 130 6 ¥ /1 2K [R) 1l
IR 14]:

=%§;<x_mi><x-miﬂ (3)

=1 L ni = m) (mi = m)T (4)

Ho, n, KR5S | BEEAR X, PIOREARBH , m' TR X,

PIFEAS Y, m R EARREA X 35948, HonT F trace(S,,)
FER RN EBUE, trace(S,) BN 4T B L.

m2(3) . (4) AT, LDA 3% FroR 75 1 s R 2 40

M w ol Rt

,
X b2 S A Ak 0] Tﬂﬂ?ﬂ’]f”%‘%ﬁ

(BT BUHEA TSR A -
Syw; = AS, w; (6)

ATHGEC(6) AT d 4> F5 R 4R AR {EDGS B A9 47 AIE 1]
AR W

3 NENETRK&/NFRISH

é‘xf%ﬁ%s%’é*ﬂ’]%ﬂ‘#ﬂi (1) AT A
= Wi (7)
BUEREA } TT“WJ?FEF QW SN LB 7y, FIZE ISR
. nfﬁér%‘év\] I It

" &3 4, (farthest neighborhood
within class ), B kfw
A5 i AR BT Y
FKWNEEAR; x, R
B 51 B 3 T
(nearest neighborhood
between classes ), BJ!
koo 5 2} AR T
2R ] A B4R

- Al<hy,<(n-1)
B LMMDAE&‘PE‘J” '37r B <k

nbs(n_

n).

LMMDA B3 Ay B R B3k A 8858 5 1), (145 )8 T
T AP I REATERGE T M rh o B B T 7, 48
BN BOAREAS 22 6] T g A At LRI 1 R 7ER 1
HOBEARH = 2R, A 2R B C 2L TE A K, 2
M a3 J&T al Y, I 1M B 2EH C KA b1 I el
WEF al B 7, 2838, 433 LMMDA 5, al B 'ﬁ a2
1 a3 W, M B b1 Al cl. [FFERY, b1 ﬂl cl &
1T LMMDA $% 52 J5 th HAT R AR R
3.1 EREEHRERE

S s 2K E’J*W%ﬂtf“%ﬁ[@?@

w, = LmL Iyi- 12 (8)

o,y IR EI’J{EV’EH'*/\J:TT yi A ;4 g, SRR
HIREAS o BIARAEIR AAEHR , of B, 2 LANTF -
=% (|
z"<‘>” ), i =1,,n_s (9)
XHEASE ¢ [F LE,LPP Bk i L2 — 2.
e dg o, o TR L, =X (9) B % Y iR s
JE SR R G B S I, e B B8 mT R
WO 3K Ve B8 AT o7 0d o0 A 1 2 R
Hiﬁ(S)ﬁﬂUﬁfiu%ﬁg}iﬁdﬂ?éﬂﬁﬁ/ﬁ

w; = 2} atr ZJ ()z y/)(yl y]) %

n
i=

o} = exp( —

= > air Z, [y =291 () T+ yi(yD "1

= 3 allhurl (DT =20y D ()]

i=1

+tr 2 LyiCy) T

= 2, aff krtr[yiCy) '] —2”(756@(%(9':))
i=1
+ (V) Vi) | (10)
o, Vi Wyt 19 e, SBSSAF AR, e AR by 19 42
LA 2 Y, = (1,000 s e = diag (o, ;) M
A (10) AT A F A
Wy = Z {k_ﬁﬂix”[yf(}’;)q - Zaftr(yfelayfg():))

P
+ aitr (Vi) Vi) |
= kytr (Y@ Y0) = 2r(Ya By Yiu()))
+1r(Y(,H AYj()) (11)
Hdr A = dtag(aé, L) SR ATAE 0 - LRI Sy,
i 2
Yaty) = YiSpuiy) (12)



862 CI - T 2010 4f
){QJ‘EE(IZMJE/\%UK(“),ﬁ EFI Ly, = k,PaP ZPaEk Snb()) + Snb() )A Snb()) 7
w, = kutr(Ya X)) = 2tr(Ya By Siv,) Y B 4R R KT WA
CAST oy c
+ (S ASa) 1) B= E Bo= 20 r(YLY") = r(Y&Y)  (23)
= r(Y,LY!) (13) Iy
i Hrp
L, = kua, =208, Sty + Spu() ASiuy)  (14) v, = 2 Ly (24)
/\ 0 =y il
BRI AR WA T B 3 S0 . 18 ) Y = WX, 2
0= Zw = Z ir(Y.LY") (15) ()AL EH

=1

AR, Z?TO—I%E% P Y, = YP,(R T W
2EME, PP E RS R, W (15) AT ik
$EN:

0= E tr(YPLPIYD) = tr (YW ,¥T) (16)
S -
v, = Z pPLP!

AT UK P R . 1 ) Y = WY 3t
(16) AT L5

(17)

Q= (WiEw) (18)
Hirb, 6 = XWX Ay B RS N BB SRR .
3.2 %l‘ﬂﬁiﬁ#ﬂ%ﬂ%ﬁﬁi
FE S s E’J*lﬁﬂﬁﬂ(f“%ﬁ%ﬁ
&—2% -yl (19)

o, yi B8 «) El"ﬂfiﬁé’ﬁﬁ*/d;ﬁ, y; A« B, SR
AIREAS o, IVIREEHR A LRAR , of AUE, 5 LANE

s i iﬂl(x;) ’ .
a;=exp( - L"’ ), i=1,",n_s (20)
1 5E(10) (1) U HE S L 72, FTAS QR 24
ft;
B = kutr(YaY)) = 2tr(Ya Fy Yuy))
+ tr( an().‘)ASYZ‘b@))) (21)

Hrb, Yo By 19 o, SRR A . A7 AE 0 - 1 A RE

= ur(Wew)
Horh &5 = XWX Ry S A S ) IR
3 3 LMMDA #5335
LMMDA 535 (1) e AE 8% vl i
P U] pR ST 7R A -
B

f(W)—argma.x——

(25)

AU Y Fisher

ir( WTfBW)
r( WELW)
X B Ee Ak IR] 8, A SR B S A2 52 1Y LDA A
L 73 SRR B SCRRAEAE 1) 8
Epw; = Aqw; (27)
HUHT d A R 0 4 A X 17 A R A1 1) 2 4 M-
MDA ()45 52 4 FERI AT .

4 ﬁfﬁ I'iﬁbl)n'h_t

H IMMDA 33k 78 25 T 808 46 Lk A7 ik, e 4%
UCI | USPS™! Jz CMU-PIEM® 25 | [d] 5], 7F 33 26 % 4 4
SZE T PCA.LDA . LPP } MFA (Marginal Fisher Analy-
sis) 1A DA S AR SO AT AR
4.1 UCI#iEE

UCTEL 4 SE T i s T AR 36 3 28284t 150 4~ 4F
A EERA 50 MEARYLAL. % T2, BEYLIEE 20 4
FEA T2, T4 30 AFEA FH 005K, 3 RE 1 BEHL
SZI A 50 UK. R IR REAS (4 4k ) 2 45 S i R 4k 3 2 HE2s
6], P KRR b- LS8 228 (k= 5) . P34 45 5 dn
1 PR 0T LMMDA 889% , Hoh B9 S EOCE AT « &y,
=15, k,;, =20, = 10.

(26)

ST Yy = Y8, . fRAR ) A . A
) (nbm TT)nbuwZC (U . ®1 % UCHHIRE LR R
= hr(YPaP'Y') =20 (YPa E, ST - Y
P i ST . ) sk Ombly) BEARR PCA LDA Lpp MFA LMMDA
+tr(YS o ASw Y -
(YSu) Ay V') SHHEEE 95.112 95.391  95.391  95.383  95.891
= (YL,Y") (22)
2F 2 21 2+ 2+
1t:. . . . o 1t g 1t
T A I S S-SR . S ST I ‘9 o
AL SR Ak R At Tt b A
2 2 2 2 & 2
o A0 1 2z 3% 2 0 1 2 33 2 4 0 1 2 3% 2 4 o0 1 2 3% 2 4 0 1 2 3
(@) PCA (6) LDA (¢) LPP (d) MFA (¢) LMMDA
E2 RELE2EFRFRBRALGR



o4 M

TR« 0 0 fme A dme /N FA 531 e B 863

e 3R 50 U BRI — R S B 2
R B RIEAE 2 SRR R A SN 2 i
ZN

H2E 1 AMER B, IMMDA 52 i0k

WAl A R, B B LR 7 %, LMMDA 42
R A GE P T BB, S A i
4.2 USPS #ir&E

TE USPS Hdls &, G N I3 — A6 i JK B2
REUZR , KN K 16 x 16 I 2R 840 5 7291 5K 1A
B, MRS AL 2007 5K EE . i T, A
YIZREE T AE 2R BEHLZEEL 500 A FEA, BT 5000
AREAS AL BN 2R 4R, MR AR 5 5 b T 4 —
XA A REHILSEB6 LM 50 Uk, 2 A G
AN 2 FR B 53 20 B ok g ) 4 25084
RPN P25 4% ] L, LMMDA 533k
MSHEBEEN ky, = 105, k,, =215,1 = 10.

F2 TE USPS HiiE&E LMK G R

Bk&aK Pca LDA LPP MFA LMMDA
Ei 0 51 9 39 31 53
MRS 85.071  79.521  86.336 87.368 87.821

3% 2 AHE R I, IMMDA S5 K9k B —E ik
POTTERE Y S, 7E USPS a4 L (£ 5819 1) 1LDA B
AR FE R 22 1, FRATTHE I 3 AT RE A X R A bE T
A A A4, LDA T RE % 15 21 1 1k A 4 50K D 1 &
.

4.3 CMU-PIE #iE&

CMU-PIE A0 56605 A 68 > A 41368 7k A
e RS BB PR 40 S VRN 120 K BRG A  5
X4, 1 AN AL 60 5K IR A I 254, Tl 4% (1)
60 K G AE R il i e . Y1 25 5 A ik 48 o i A AR TR
B 2400 5K TR T SR Z H, 1 S R i R ER
PANERT L e s i B S PN A a2 S
FER MG, KN 32 x 32 A FEBI 5 S LA 3.

F TGRS £ A RO B 4 R B &5
AR RN RRAE R MR (X S T EigenFace — 4] ),
£l 4% FEigenFace . FisherFace , LaplacianFace , MFAFace LA
LMMDAFace.

3 7E£ CMU-PIE ##E&E FMALR &R

BIEAFR PCA LDA LPP MFA LMMDA
41 180 39 91 58 104
NG 69.786  79.510  79.533 83.328 85.480

FEAIL S8 B T 50 vk, SES IR as SR an gk 3 o .
TG K B BT oL A 4 B e L rh g L BT 4 26

) :
IEH-E

B3 CMU-PIEHI#RZ A B 5

L T i IIIII-.IIH
5 LDA FE RS L8, X — SO IE 2 B

4 MJ:?U—FWEU{JElgenFace FisherFace. LaplaclanFace MFAFace-.
LMMDAFace

awlr] b, LMMDA Bt 9 S 88 &N by, = 23, k,y, = 36,
t =10.
4.4 SEMIEE

LMMDA B3 =AU S s, ks by 5
BB n] LLA) ] CV(Cross Validation) 75 311 AT 52,
SCHR[22 L3R4t 1A 200 B %, (H &, LMMDA 53k
AR EBE,, AR B 2Z 8] i 5 8 A T EoT, A
Tk 3G 0 T 8 e e S 50 dE B S2 e 3R AT R 3,
LMMDA X ZHHA — & B &1, Bl S 507E 51 X [A]
WL PERE AL SRR K 7E CMU-PIE A Jis %8s 2
EFRATMECT AR SR L EE Ky, =23,k = 36,7240
t=0.01,0.1,1,10, 100,500, SC5e 25 S an &l 5 Py . 8%
J&  BEE kg, =23,0=10,2846 k,y, =6 ~ 151, 5K H 5. 58
RN 6 PR [ E K,y =36,¢=10,24k k=3~
58, KNy 5. SLE A RANE 7 s .

0.9

0.85[

0.8

0.75F

0.7 i -8-+=10
4 -o-t=1
065 —v-=01
06fF g —— 1=0.01
—— =100
0.55}-] —— =500

05 20 40 60 80 100 120 140 160 180

ES5 LMMDAZZ R 7] R RE 224k th 2%
TS T 6 AN 7 R (S ] 28k
b Mo 1 H735 4 2 76 HERURR BE 1 30 LMMDA 5% 1 1
A BEZE ORI, o BT IR BIRAZS . 24 o BEIE (i —



864 CA - 2010 4F
0.9 Eigenfaces vs. fisherfaces: Recognition using class specific lin-
0.851 Iﬂii ear projection[ J] . IEEE Trans on PAMI, 1997,19(7):711 -
A——1 W 720,
orsl (5] blik 5 I . Fisher % B4 HT 6 BT5E B 2L

ot
O:Z: :’

0.55

0 20 40 60 80 100 120 140 160 180

Bl6 LMMDAR SR A BEBEE ,H22 1k h 2%

0.3f
0.2
0.1

1 1
0 20 40 60 80 100 120 140 160 180

N
Fl7 LMMDASL RS BBk, 1384k i 2%

1)k HEVE (n — ny ) B, LMMDA 191 BE 632 5 42 69 LDA

Pk 1T LMMDA 5335 B 5C TR 52 11 53 2 SR 1

(Y SCBEREA DR AE 328 U3 4 7 T AT — gl

5 it REE

AR SCHTHE A A —— 3 i 07 e K e/ L 43
BT LMMDA 2 % 57 /£ Laplacian EigenMap M f£4¢ i) LDA
FEml R T BB R A HE ], LMMDA 53k 87 1
P I ) A A T JRAR AR AR 4, LMMDA
A SR P AN B3 2 o, SR IR 7, AR 35K 38 o8 S5 /K 7,
] s fe KA 7, , LMMDA 5372245 21 H A ) ) AR M i 5050
FEPE T A O, A SRR AR B O IE AR A A, A
SCHITT IR SRS LDA J2 5580 A SO R Bk B
A [R] 00 B W] LR RR LR, 7R AT LU AR R, R T, LM-
MDA FE3EAE I R )z .

S 30k

[1] M Turk, A Pentland. Eigenfaces for recognition[ J] . Journal of
Cognitive Neuroscience, 1991,3(1):71 - 86.

[2] X He,S Yan,Y Hu, P Niyogi, H Zhang. Face recognition using
Laplacianfaces[ J] . IEEE Trans. on Pattern Analysis and Ma-
chine Intelligence,2005,27(3) :328 — 340.

[3] D Zhao,Z Lin, R Xiao, X Tang. Linear Laplacian Discrimina-
tion for Feature Extraction[ A].IEEE CVPRO7[ C] . Minneapo-
lis: IEEE CS Press,2007.1-7.

[4] Peter N Belhumeur, Joao P Hespanha, David J Kriegman.

ML . A 3hfk2#4%,2003,29(4) :481 — 493.

[6] J Yang, A F Franji, JY Yang, D Zhang, Z Jin. KPCA Plus
LDA: A Complete Kernel Fisher Discriminant Framework for
Feature Extraction and Recognition[ J].IEEE Trans on PAMI,
2005,27(2) :230 — 244.

[7] P Howland, H Park. Generalizing discriminant analysis using
the generalized singular value decomposition[J]. IEEE Trans
on PAMI, 2004,26(8) : 995 — 1006.

[8] C Liu. Capitalize on dimensionality increasing techniques for

[

improving face recognition grand challenge performance[J].
IEEE Trans on PAMI,2007,28(5) :725 — 737.

[9] A Martinez, M Zhu. Where are linear feature extraction meth-
ods applicable[ J] . IEEE Trans on PAMI, 2006,27(12):1934
- 1944.

[10] X Wang, X Tang. Dual-space linear discriminant analysis for
face recognition[ A ]. IEEE CVPR04 [ C]. Washington: IEEE
CS Press,2004.564 — 569.

[11] M Belkin, P Niyogi. Laplacian Eigenmaps for dimensionality
reduction and data representation[l ]. Neural Computation,
2003,15:1373 - 1396.

[12] K Weinberger, J Blitzer, L Saul. Distance metric learning for
large margin nearest neighbor classification[ A]. NIPS06[C] .
Whistler: MIT Press,2006. 1475 — 1482.

(T#H% 859 W)

1EE®IIT:
MBI 55,1976 4 10 H A Fr bk
M RO 0 A 0 W R
Y o328 HLAR > . 2005 ARV T E IR S R Ay 4]

- -

G4k #5 BRI TT T, 3B B S R hE
R T Ak, R E R AR FHE
BEETH WA ARFHEIESTUH Wi a 2
HITIWH 4 — 5. L% —{E & 78 INFORM SCI-

— ENCES. IMAGE VISION COMPUT, PATTERN
RECOGN LETT SIGNAL PROCESS .ENG APPL ARTIF INTEL %5 [ P4 4]
Tl ERFIS 10 K5

E-mail : zhonglong @ zjnu . ¢n, zhonglong @ sjtu.. org

B oA 5,1964 8 A iET Ll BT,
TS 1994 4F T4 E DR R T B LR R L
b iz, B b S I I (R A B S BN
SIBFFE T R R RS 973 1R F I H 2
T, 5% 863 T H 2 Wi, [H K AR ER 4
it H 3 5 Hee A R R i H 20

l E-mail : jieyang @ sjtu. edu. cn




(L% 864 )

[13] F Nie, S Xiang, C. Zhang. Neighborhood MinMax Projections
[ A].IJCAIO7[ C] . Hyderabad: AAAI Press,2007.993 — 998.

[14] K Fukunaga. Introduction to Statistical Pattern Recognition

[M].Boston: Academic Press, 1990.

[15] S Yan,D Xu,B Zhang, H.Zhang. Graph embedding: A gener-
al framework for dimensionality reduction[ A]. CVPRO5[C].
San Diego: IEEE CS Press, 2005 . 830 — 837.

[16] T Sim, S Baker,M Bsat. The CMU Pose, illumination, and ex-
pression (PIE) database[ A].IEEE AFGRO2[ C]. Washington:
IEEE CS Press,2002.46 — 51.

[17] S Yan,D Xu,B Zhang,H Zhang,Q Yang, S.Lin. Graph Em-
bedding: A General Framework for Dimensionality Reduction
[J].IEEE Trans on PAMI,2007,29(1):40 - 51.

[18] ZL Zheng,J Yang,Y Zhu. Face detection and recognition us-
ing colour sequential images[ J] . Journal of Research and Prac-
tice in Information Technology,2006,38(2) :135 - 149.

[19] ZL Zheng,J Yang. Supervised Locality Pursuit Embedding for
Pattern Classification[ J] . Image and Vision Computing, 2006,
24:819 — 826.

[20] [OL] Available at http://www. ics. uci. edu/ mlearn/ML-
Repository . html; or http: //archive. ics. uci. edu/ml/

[21] [OL]Auvailable at http://www . kernel-machines . org/data

[22] X Wang, X Tang. Random sampling for subspace face recogni-
tion[ J]. International Journal of Computer Vision, 2006, 70
(1):91-104.





